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Yuusepcurer No O2K-4.5-04 ot 20.05.2021 roz.

Buorpaduuna cnpaBka. Auna Hukososa e 3apbprmmia MaremaTnka
B [llymenckn YuauBepcureT. [Ipe3 1998 romx. mma mecT cemecTbpa cHeryall-
Hoct CueToBO/ICTBO U KOHTPOJI B MKoHOMUYecKkn YHuBepcuteT BbB Bapha.
[Ipes rogunuTe € paboTuia KaTo yIuTes [0 MaTeMaThKa, CJIe]] TOBa aCUCTEHT,
CTapIy aCUCTEHT U IJIaBeH acUCTEHT B KarTe/ipa Maremarnka B Texnudeckn
YuuBepcurer BbB Bapna. B MoMenTa, ChbIIaCHO HOBUTE ITPABUJIA € ACHCTEHT
B TV Bapna u Bojiu ylpaKHeHHS IO BCUIKU MATEMATUYECKU JTUCITUILIAHMA.
[Ipe3 mait 2020 e 3aunciiena B JOKTOPpAHTypa Ha CAMOCTOATEHA TTOJITOTOBKA
o Hanpassenue 4.5 Maremarnka, MaTtemaTndaecko MojeupaHe u MpuaozKe-
HIE Ha MaTeMaTHKaTa.

O6m1o onucanue Ha auceptanusita. IIperacraBenara pabora e Bbp-
xy 106 cTpanuIy u e pasjesieHa Ha yBOJ, YETUPU TJIABU W JIATEpATypa OT
85 zaryiaBus. B jauceprarusaTra ce pasriiexkjia paslpejiesieHne Ha YUIapT ¢
HSIKOM HErOBH CBOWCTBa W HPHUJIOXKEHHe. AKTYAJIHOCTTa Ha MPOOIeMUTe HUJl-
Ba OT akTa, de pasipejeseHneTo e JedUHIPaHO BbPXY MHOXKECTBOTO Ha
cayuaitaure marpunu. OT apyra crpaHa, €IMH OT OCHOBHHTE IIPOOJIEMHU B
CTATUCTUKATA € aHAJM3UPaHEe U OlEHSBAaHE Ha KOPEJAIMOHHATA M KOBapH-
almonHaTa Marpura. EjHa Bb3MOXKHOCT 3a pellaBaHe Ha TO3W MIPOOJIEM €
upe3 pasmpejesienne Ha Ywumapt. [lokazano e npuioxkeHune B OIEHIBAHETO
Ha KOpeJIaIlMOHHATa ¥ KOBapHAIlMOHHATA MAaTpPHIlA Ype3 paslipejesieHue Ha
Yurapr.

B ¥YBona e nanpasen 1mojpobeH mperyiej] Ha HCTOPHIECKOTO Pa3BUTHE Ha
pasnpeeeHneTo Ha YHUIapT ¢ oope nogpanu muratu. Pasriemanu ca pas-
JIMYHUTE METOJIM 33 U3BEXKJIaHe Ha paslpejeseHnero. Karo obobiienue Ha
X2 pasnpe/esieHIeTo ¢ 1 CTeIeHn Ha cBoO0A, TO € CBLP3aHO ¢ MATPHIUTE OT
KOBapHUAIMUTE U KOPEJIAIMUTE Ha MHOTOMEPHOTO HOPMAJIHO Pa3Ipe/Ie/IeHIE.
Ot TyK naBa U Bpb3KaTa ¢ MHOTOMEPHHUS CTATUCTUIECKH aHAJIM3 U MHOOPOIi-
HUTE ITPUIOZKEHUS.



B I'maBa 1 e jajieHo KJIaCUYECKOTO paslpejesieHue Ha YUIIapT ¢ Hs-
Kou HeroBu cBoiicTBa. [lokazanu ca mMapruHaJHUTE U YCJIOBHHUTE pa3IIpejie-
nenns. Teopema 1.2.11 cbabprka XapaKTepU3aIMOHHU CBOMCTBA HA MHOTO-
MEpPHOTO HOPMAJIHO pa3lpejie/ieHrne U BPb3KaTa MY C pa3lpejie/IEHUeTo Ha
Yumapt. CbIecTBeH pe3ysITaT 3a pasipeeeHneTo Ha 0000IIeHaTa Juciep-
cug ce cbabpka B Teopema 1.2.12.

B I'maBa 2 e mojiy4eHo eJiHO IIpeJiCTaBsHe HA pa3lpeje/ieHneTo Ha Y u-
mapt. Oka3Ba ce, e TO € pas3npeje/ieHre Ha CjaydaiiHa MaTpHUI@, THUTO
esleMeHTH ca (DYHKIUH OT HE3aBUCHMHI CIyUaifHH BeJIMYMHI 1 0600maBa X2
pasnpejenennero. ILrbTHOCTTA Ha pasupeseseHneTo e jiepunupana B MHO-
JKECTBOTO Ha BCHYKW ITOJIOKUTEJHO onpejenenu Marpunu. [loixydeno e pas-
JlaraHe Ha KJIACUYECKOTO pasiipejiesienne na Ywumaprt. B maparpad 2.1 ce
3a104Ba ¢ pasjlarane Ha ciaydaitna marpura ¢ pasmepuaoct 2 X 2 (Teope-
ma 2.1.1). B maparpad 2.2 e nojiyueHo pasjarane Ha MaTpHIa ¢ PA3MEPHOCT
p X p 3a 1suto yucyo p > 2 (Teopema 2.2.1). HamepeHo e nipesicraBsite Ha pas-
[peJie/IeHNeTo Ha YUIIapT Ype3 paslpe/le/IeHNeTo Ha HE3aBUCUMHU CJIydaiiHu
BEJIMYMHUA U HE3aBUCUMA OT TAX CHBKYIHOCT OT CJIyYailHU BEJIUYUHU, KOUTO
He ca He3aBUCHMU TOMeK Ty cu. [losytdena e pekypeHTHa BPb3Ka MEXK/Ly CJIy-
JaitHu MaTpury ¢ pasnpesesaenne Ha Yumapt (Teopema 2.3.1). 3a mesra ca
nokazanu jse jgemu (Jlema 2.3.1 u Jlema 2.3.2), KOUTO UMAT CAMOCTOSITETHO
sHavenne. B maparpad 2.4 e moxydeHo npejicTaBsHe Ha eJIEeMEHTUTE Ha MaT-
puIia ¢ pasmpejiesieHne Ha YHIIapT Ype3 He3aBUCUMU CJIyYailHU BeJTUIUHU
(Teopema 2.4.2). B Teopema 2.4.1 e majien MeTOJ, 38 KOHCTPYUPAHE HA CJIy-
JaiiHa MaTpuIla ¢ pasmpejieseHune Ha Yumaprt. B maparpad 2.5 e mosydeno
pasJjiarafe u Ha JieTepPMUHAHTATA HA MATPHIlA C pa3lpeje/ieHne Ha Y UIapT
(Teopema 2.5.1). I Tyk asre momomntau gemu (Jlema 2.5.1 u Jlema 2.5.2) nmar
caMocTodATeNIHO 3Hadenue. B naparpad 2.6 ca gajienn ceoiicTBaTa Ha He3aBU-
CUMUTE CJIyYallHU BEJIMYUHE OT PA3JIaraHeTo HA MATPUIUTE C pa3IIpe/ie/ieHne
na Ywumapt. [lokazano e, 4e HezaBucumuTe Ciaydaiinu Beqmanan umar Beta
pasnpeJiesieHue.

B I'maBa 3, ¢ 1es1 npuioxkenune, e IpeIaoKeHo 0DOIIeHne Ha paslipeje-
JIEHHETO Ha YHUIIApT ¢ HeroBoTo pazjarane. IIpemioxkenoro 0600ImeHo pas-
npeJjeienre Ha Yumapr e oboomenne Ha ['ama pasmpejenenuero. Tyk mapa-
MeTBHPBT N € peaJieH, o3HadeH ¢ «. Oka3Ba ce, Ye 3a 0000IIEHOTO pas3Ipe/ie-
JleHne Ha YUIIapT ca B CUJIa CBOIMCTBa, MOJOOHN Ha TE3W MPU KJIACHIECKOTO
pasnpeesenne Ha Yumapr (Teopema 3.2.1). OTHOBO 06061IEHOTO pasIpe/Ie-
JIeHue Ha YHUIIApPT ce MPEICTaBs Ype3 P HE3aBUCUMU CJIYUYaiiHU BEJIUIUHU U
HE3aBUCUMO OT TAX MHOZKECTBO OT C.Hy‘IaI';IHI/I BeJIMYMHU, KOUTO HE Ca He3aBU-



cumu. [Tpu 06001enoTo pasmnpe/iesienne Ha Y UIapT HE3ABUCUMUATE CJIY YaiHH
BestmuuHu uMaT l'ama pazupejenenue. [lomyden e BubT HA CUMETPUYIHUTE
caydaitau Marpunu ¢ 06061eHo pasnpesesenue Ha Yumapr (Teopema 3.3.2).
[IpencraBstHeTO Ha eJeMEHTHTE Ha CaydaiiHaTa MaTpHIa Upe3 He3aBUCHMU
caydaitnu Beumydunm € JiajieHo B naparpad 3.3. [Ipeacrassanero mpu m =0 e
B Teopema 3.3.1. Enementure Ha cayuaitaure marpunu M(p),p = 2,3,... ce
peJicTaBAT Ype3 HezaBucuMu Beta pasnpeenenu ciydaitan seamanan (Teo-
pema 3.3.3).

B I'maBa 4 e upejjiozken MeTo]l 3a IpecMATaHe MOMEHTUTE Ha MaTpHU-
Ia ¢ pasmpejesnerue Ha YumaptT. TyK ce pasriexjia MaTpuia ¢ pa3MepHOCT
2 X 2 n pa3npesiesienne Ha YUMAPT. B TO31 crydail He3aBUCUMUTE CJIyIaifHN
BeJIMUMHE UMaT Y2 paslpe/enenne. IIpecMeTHATH ca BTOPUTE W OTPUIIATEI-
nute Bropu MoMenTu. B maparpad 4.1.3 e namepen orpuriaTesieH MOMEHT
HA IMEHTPAJIHO paslpeje/ieHne Ha YUIIapT BbPXY MATPHUIM OT TPETU PEJI.
MuoromepauTe MomMeHTH ca ipecmeTHaT B 4.1.4. CbriiacHO pa3jaraHeTo Ha
pasnpeiesIeHNeTo OT TPEIUNTHATE TJIABH, TPECMITAHETO HA MHOIOMEPHUTE
MOMEHTHU C€ CBeXKJia JIO0 MpecMsTaHe MOMEHTUTE Ha HEe3aBUCUMU CJIydailHu
BesmmunHu. B [Ipumep 4.1.4 e nemoncTpupan MeTOIa B €JIMH YacTEH CJIydail.
Pasznaranero ot Tpera riiaBa ce u3nos3sa B naparpad 4.2 3a remepupane Ha
cJIydaiiHu MaTpHI ¢ 0000IIEHO pa3npeeenue na Yumapt. B naparpad 4.3
ce IpeJIosiara, 9e eJijHa MHOIOMepHa U3Ba/IKa NMa, HOPMAJIHO Pa3Ipe/ie/IeHIe.
NznonsBar ce nydmkyBaHu JanHu oT (oHoBaTa 6bopca 3a 50 HabII0IeH
3a Bb3BpbIIaemoctta Ha 10 noprdeitna or aknuu. Ha 6azara na xybasure
CBOICTBa HA HOPMAJHOTO PAa3IIpPE/ie/IeHne, PA3IIPE/IeICHUETO Ha YUIIAPT ce
U3II0J13Ba, 3a OIeHABAaHE Ha KOBAPHUAIIMOHHATA W KOPEJAIMOHHATA MATPUIIA.
Metoabt e gmetaiiyino onucan. [loyrydenn ca OleHKH 3a BEKTOpa HA CPEJTHUTE
CTOITHOCTH W 33 KOBAPHUAIMOHHUTE U KOPEJTAIMOHHN MaTPHIIH.

Odopmaenune u mnzmoxkeHne. C majikn 3a0e/IeKKU, JTUCEPTAIAATA €
Jobpe cTpyKTypupana. [IpecMmaranusTa 1 U3BOJAUTE ca MHOI'O Ha OpOii, m3-
I'bJTHEHN TOYHO U TIOCJIEIOBATEITHO.

Kpurnyan 6enexkku. B yBosa ce u3non3sa MOHATUETO MPOIIEC HA Y U-
mapT, KOiTo He e jedpunupan. B jmmreparypara ce ¢bIrbpKaT jgeceT padoTH,
KOUTO He ca IUTUPAHU B TEKCTA.

ABTopedeparbT Ha JucepTaAIIATa OTPA3sBa, II'bJIHO U TOYHO MOy YCHU-
Te B JIUCEpTAIUATA PE3YyATaTU. TOYHO U II'bJIHO ca (POPMYJIMPAHA HAyIHUTE
npuHocu B juceptanuaTa. CauraMm, de 3asgBEHHTE OT JUCEPTAHTA ITPUHOCH
JENCTBUTEIHO Ca TaKHBA.



Ily6aukamunte. Paborara e nanucana Ha 0a3ata Ha b CTaTHH, JIBE OT
KOWTO Ca CaMOCTOSITeTHHU, JBe B c¢bhaBTOpPCcTBO ¢ IIBeran Mruaros m egHa B
cbaBTopeTBo ¢ Kpacumupa [Ipoganosa. Craruure ¢ [{eran Urnaros ca B ['o-
qumrauK Ha CY. EjHa or camocTosiTetHUTE paboTh € B PeIleH3nPaHo U3IaHIe,
a JIpyruTe JBe B JIOKJau OT KoHdepeHnnu. JlokTropaHnTkaTa e orbess3alia
4 KoH(pepeHIINN, K'bJIETO ca JIOKJIaJBAHNA PE3Y/ITaTUTE OT Juceprarusra. 13-
HECEHU ca TPHU JOKJaJla Ha MEXKJIyHAPOJIHN KoHepeHInn u euH Ha 46-Ta
koHpepennuss AMEE-20.

BakroyeHune. Canram, 1Ue MpeJCTaBeHUAT JTUCEPTAIIMOHEH TPY/T HAIl'bJI-
HO oTroBaps Ha m3nckBanusita Ha 3SPACPDB u nerosus npasmimank. CbriracHo
BCHYKO Ka3aHO JIO TYK, Ipejaram Ha [loduTaeMoTo KypH ja HPUCHINT HA
Anna HukosioBa obpasoBarenara u naydna creren " lokrop".

09.2021 Iommuc:...................
rp. Codus Jlema MunkoBa
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General description. The thesis consists of Introduction, four chapters
and a References, written on 106 pages. The references contain 85 titles.
The thesis is presented for acquiring the educational and scientific degree
"Doctor"in the PhD study program Mathematical Modeling and Application
of Mathematics in Technical University of Sofia.

A review of the literature related to Wishart distribution is given in
the Introduction. A lot of citations are given. The Wishart distribution
is defined on the set of random matrices and is a generalization of the x?(n)
distribution. On the other hand, one of the main problems in statistics is
to analyze and estimate the correlation and covariation matrices. A possible
decision is to use the Wishart distribution. As application in the thesis, the
estimation of correlation and covariance matrices is given.

In Chapter 1, the classical Wishart distribution with some properties is
given. The marginal and conditional distributions are derived. Characterization
properties of the multivariate Gaussian distribution and connection with the
distribution of Wishart are given in Theorem 1.2.11. A result related to the
distribution of generalized variation is given in Theorem 1.2.12.

In Chapter 2, a presentation of the classical Wishart distribution is
given. The density is defied on the set of positive defined matrices. In Section
2.1, a decomposition of random 2 x 2 matrix is given (Theorem 2.1.1). In
Section 2.2, the decomposition is on the p x p matrices, for integer p > 2
(Theorem 2.2.1). A presentation of the Wishart distribution through the
distribution of independent random variables and independent of them set of
not independent random variables is given. Recursion formula of the Wishart
distribution is obtained in Theorem 2.3.1. In Section 2.4, the elements of
Wishart matrix are presented by independent random variables (Theorem
2.4.2). A method for construction of random matrices with Wishart distribution
is given (Theorem 2.4.1). In Section 2.5 a decomposition of the determinant



of Wishart matrix is obtained (Theorem 2.5.1). In Section 2.6, the properties
of the independent random variables in the decomposition are given. The
independent random variables are Beta distributed.

In Chapter 3, one generalized Wishart distribution is given. It is a
generalization of the Gamma distribution. The parameter n here is a real
parameter, denoted by a. The properties of the Wishart distribution are
similar to these of the classical Wishart distribution (Theorem 3.2.1). The
independent random variables in the decomposition are Gamma distributed.
The symmetric random matrices with generalized Wishart distribution are
obtained (Theorem 3.3.2). The presentation of the elements of random matrix
through independent random variables is given in Section 3.3. The presentation
in the case m = 0 is given in Theorem 3.3.1. The elements of the random
matrices M(p),p = 2,3,... are presented by independent Beta distributed
random variables (Theorem 3.3.3).

One application of the Wishart distribution is given in Chapter 4. A
method of calculating the moments of Wishart matrix is given. At first, the
author consider a 2 x 2 Wishart matrix. In this case, the independent random
variables are y? distributed. The second and second negative moments are
obtained. In Section 4.1.3, the negative moment of the central Wishart distribution
of third order is derived. The multivariate moments are derived in Section
4.1.4. According to the decomposition in the previous chapter, the derivation
of the multivariate moments leads to the moments of independent random
variables. The Example 4.1.4 demonstrates the method in one particular case.
The decomposition of the Chapter 3 is used in Section 4.2 for generation of
generalized Wishart matrices. In Section 4.3, the author uses published data
from ten portfolios of assets. The assumption is that the multivariate sample
has a Gaussian distribution. On the basis of the characterization properties
of the multivariate Gaussian distribution, the Wishart distribution is applied
to estimation of covariance and correlation matrices. The method is given in
detail. The estimations of the mean vector and the covariance and correlation
matrices are obtained.

In the Summary, the results obtained in the thesis are given. I think the
results of the thesis mentioned of the author are true.

Publications. The thesis is written on the basis of five published papers.
Two of the papers are in the Annuaire Univ. Sofia and three of them in
proceedings of conferences. The results of the thesis are reported during 4
conferences.



Remarks. In the Introduction, the author uses not defined "Wishart
process". In the References there are ten papers, not cited in the thesis.

Conclusion. The thesis represents a great deal of work. The results are
well presented and their interpretation and application are at a high scientific
level. In my opinion, the thesis by Anna Nikolova fulfils the conditions for
gaining the PhD degree in Mathematical modeling and application of mathematics.
Therefor, I strongly recommend the thesis of receiving the Degree of PhD.

Sofia, September, 2021 Leda Minkova



